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ABSTRACT 
Let E = E(G, A) be a group extension of an abelian 1.c.s.c. group A by an amenable 1.c.s.c. group G. 
An ergodic action V of A is said to be extendible to an action W of E if V(A) is isomorphic to the 
restriction of W onto the subgroup A C E. The extension property is described and studied in terms 
of cocycles over a skew product with values in A. Several examples of R-actions are considered. We 
answer the question of when two isomorphic actions of A can be extended to isomorphic actions of 
E(G,A). 
INTRODUCTION 
Let A be an abelian locally compact second countable (1.c.s.c.) group and let G 
be an amenable 1.c.s.c. group acting on A by group automorphisms. Denote by 
E the group extension of A by G. Then A can be identified with a normal sub- 
group of E. The group extension concept becomes more transparent in case of 
topologically trivial group extensions Ef(G,A) constructed by a 2-cocycle 
f : G x G --+ A. An action V of A on a measure space is called extendible to an 
action W of E if V(A) is isomorphic to W(A). In [B], the question of when an 
action V of A can be extended to an action W of Ef was answered. It turns out 
that the extendibility property can be reformulated in terms of properties of 
cocycles with values in A. In the present paper, we study a circle of problems 
that is concentrated around actions of group extensions. It is worth noting that 
we are mainly interested in topologically trivial group extensions Ef because in 
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this case one can prove deeper esults. On the other hand, we believe that the 
theorems may be generalized to arbitrary group extensions as was done in 
[Dan] where some of the results of [B] were extended. In the present paper we 
will first find the criterion of extendibility of an action V(A) to an action W(E), 
when E = Ef(G,A) (Theorem 2.3 and Proposition 2.6). One of the con- 
sequences i  that if V(A) is extendible to W(E), then the actions V(A) and V(g. 
A) are isomorphic for all g E 61. This observation makes it possible for us to 
show the existence of non-extendible actions given at the end of Section 2 in the 
case A = N and 61 = N+. We remark that these examples can have either zero or 
positive entropy. Secondly, we will show that extension property is not generic 
in some sense. Precisely, we consider a subset I(c) in the set Z I (X x F, A) of all 
cocyles over an approximately finite group F of measure preserving auto- 
morphisms with values in A such that the Mackey action of A generated by a 
cocycle from I(c) is explicitly extendible to an action of Ef(61, A). Assuming 
that 61 is countable, we prove in Theorem 2.10 that the set I(c) is nowhere dense 
when Z 1 (X x F, A) is equipped with the topology of convergence in measure. 
Finally, for a countable group 61, we will answer the question of when two iso- 
morphic actions of A are extendible to the isomorphic actions of Ef (Theorems 
3.2 and 3.4). 
Our study is based on two key results about actions of amenable groups 
proved in [AHS, BG1, GS1, GS2]. The first result says that any ergodic non- 
singular action of an amenable 1.c.s.c. group is isomorphic to the Mackey ac- 
tion of this group defined by an ergodic countable approximately finite (a.f.) 
group F of measure preserving automorphisms and a recurrent cocycle over F. 
Moreover since all such automorphism groups are orbit equivalent, we can fix 
the group F, and the variety of Mackey actions is determined, up to iso- 
morphism, by classes of weakly equivalent cocycles. The other result states 
that, roughly speaking, two Mackey actions are isomorphic if and only if the 
corresponding cocycles are weakly equivalent (see Section 1 for exact defini- 
tions and references). 
The outline of the paper is as follows. To make the article self-contained, we 
collect in Section 1 all necessary definitions and facts that are applied later on 
in the paper. Section 2 contains the basic results about extendible and non-ex- 
tendible actions.We give also several examples of such actions ofax + b-group. 
The last section is devoted to the solution of the following problem: find ne- 
cessary and sufficient Conditions under which two isomorphic (extendible) ac- 
tions of A can be extended to isomorphic actions of El. 
We will use freely the notions of the full group and its normalizer, approx- 
imative finiteness, cocycles, Mackey actions. The necessary definitions can be 
found, for example, in [HO, Sch]. All equalities below hold a.e. on the appro- 
priate measure space. 
We are thankful to the referee for numerous uggestions improving the ex- 
position and for pointing out an error in the early version of the paper. 
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1. PREMIL IMARIES  
We establish the following notation which are used throughout the paper. 
• A is an abelian 1.c.s.c. group that will be written additively; 
• G is an amenable l.c.s.c, group with the identity e; 
R R . 
• (g,a)---,g. a : G × A--+A denotes a Borel action of G on A by group 
automorphisms. R is jointly continuous by a theorem from [M]; 
• F is a countable rgodic group of automorphisms of a measure space 
(X, t3, #) (as a rule, F is measure preserving and approximately finite); 
• Z 1 (X × F, G) stands for the set of G-valued cocycles over F and B 1 (X × 
P, G) c Z I (X × F, G) stands for the set of all F-coboundaries (recall c c 
ZI(x × F, G) if C(X, 7271) = C(71X, 72)C(X, 71) for any 71,72 E F and a.e. 
x ~X) .  
Let 
(1.1) 1--+B-J~E J~G 71 
be a topological group extension of a 1.c.s.c. group B by G. This means that (i) 
(1.1) is a short exact sequence where i is a homeomorphism from B onto a nor- 
mal closed subgroup i(B) C E, (ii)j is a homomorphism of E onto G which in- 
duces a homeomorphism of E/i(B) and G such that a natural action of G by 
conjugation on i(B) ~_ B coincides with the given action of G on B. Throughout 
the paper we will identify B and i(B) and refer to E as a group extension. Let q be 
a normalized Borel section from G into E, that is j o q = id and q(e) = e. Then 
every k E E can be uniquely represented as k = q(g)b where b E B. I f  q can be 
chosen as a group homomorphism from G into E, then we say that E splits. 
Given (1.1) and a Borel section q, we can define a mapf  : G x G ~ B, called a 
2-cocycle, by: 
f(g,h) = q(gh)-lq(g)q(h). 
The above definitions become simpler in the case of topologically trivial group 
extensions of an abelian group A by G. In this settings, we introduce the set 
Z2(G, A) of continuous 2-cocycles:f  ~ Z2(G, A) i f f (g,  e) =f(e, g) = 0 and 
(1.2) g31 "f(gl,g2) +f(glg2, g3) =f(g2,g3) ÷f(g l ,  g2g3), 
where g, gl, g2, g3 E G. We may equip E = G × A with the product opology and 
for eachf  E Z2(G, A) we define a group structure on E as follows: 
(1.3) (gl,al)(g2, a2) = (gig2, f(gl,g2) + g21 .al +a2), 
(1.4) (g, a)- I  = (g 1, _f(g, g-l) _ g. a). 
The set E, equipped with the group structure (1.3) and (1.4), is called a topolo- 
gically trivial group extension of A by means of G and denoted by Ef(G, A) (or 
simply El). For a continuous mapp : G ~ A, p(e) = 0, define the 2-cocyclefp c
Z 2 (G, A) by 
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(1.5) fp(gl,g2) = -g21 "P(gl) +P(glg2) -P(g2). 
Thenfp is called a 2-coboundary. The set of all 2-coboundaries is denoted by 
B2(G,A). The quotient H2(G,A) = Z2(G,A)/B2(G,A) is the group of con- 
tinuous 2-cohomologies. It is well known that H2(G,A) is isomorphic to 
Extt(G, A), the group of equivalence classes of topologically trivial group ex- 
tensions. Note that Ef(G, A) is isomorphic to El, (G, A) if and only i f f  - f '  is a 
2-coboundary. Note that the map implementing such an isomorphism is acts 
trivially on A. The case whenf  -- 0 (o r f  is a 2-coboundary) is of a crucial im- 
portance. The group extension Eo(G, A) is called a semi-directproduct of G and 
A. The notation G~A is also used for Eo(G,A). 
Later we will use the following statement. Its proof is a slight modification of 
an argument given by Banach [Ba] and is left to the reader. 
Lemma 1.1 Let p be a normalized Borel map from G into A and let fp be defined by 
(1.5). I f  fp : G x G -+ A is separately continuous, then p is also continuous. 
i j 
Let0---*A ---+E ~ G ,l be a group extension ofan abelian group A by G. If  
q : G ~ E is a normalized section of E, jo  q = id, q(e) = e, then we set 
g. a = q(g)aq(g) -1. Describe the group Aut(E;A) of all Borel (continuous) 
group automorphisms ofE that leave A fixed. Let Z 1 (G, A) denote the group of 
algebraic 1-cocycles, i.e. p E Z I (G, A) if and only ifp(gh) = h -1 • p(g)p(h) and 
p(e) = e. The proof of the next proposition is straightforward. 
Proposition 1.2 Assume that G acts freely on A, i.e. if g . a = a for some a # O, 
then g = e. Then 0 E Aut( E; A) if and only if there exists p c Z 1 ( G, A) such that 
O(g,a) = (g, a+p(g)).  
We will use the notions of cocycles and H-cocycles over an automorphism 
group F of (X, B, #). The notion of H-cocycles appeared first in [U] and then 
was studied in [B, DaD, Dal,  Da2]). 
Definition 1.3 Let f E Z2(G,A) and c E Z I (X  x F, G). A measurable map c~ : 
X x F ---+ A is called an H-cocycles if it satisfies the following conditions for 
71,72 E Fanda.e. x E X." 
(1.6) 
D) = o, 
a(x, 7271) =f(c(71x, 72), c(x, 71)) + c(x, 71) -1. o (71x , 72) oz(x, 71) 
where D is the identity map. The set of all H-cocycles is denoted by Z).c(X x F, A) 
(or Z),c(A)). I f  for an g-cocycle ~(x, 7) there exist a normalized Borel map p:  
G ~ A and a measurable map a : X -+ A such that 
6(x, 7) =p(c(x, 7)) + c(x, 7) -1. a(Tx ) - a(x) 
then ~ is called an H-cobonndary. 
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H-cocycles arise naturally in the following way. Let 7r be a cocycle over X x F 
with values in Ef. Then 7r = (c, c~) where c and ct are the projections of Tr onto G 
and A respectively. It is easily seen that c ¢ Z t(X x F ,G)  and 
c~ ¢ Z),c(X x F,A). The converse is also true [B, Da2]. 
Let K be a 1.c.s.c. group with the Haar measure mK. Let F C Aut(X, B, t~), 
and c E Z 1 (X x P, K). Define the group of automorphisms F(c) c Aut(X x 
K, # x rex) whose elements act by the formula: 
(1.7) 7(c)(x,k) = (Tx, c(x, 7)k), (x,k) e X x K, 7 e F. 
The group P(c) is called the skew product. I f  F(c) is ergodic on 
(X x K, # x mK), then the cocycle c is said to be of dense range in K [Sch]. 
Let us consider the action V of K on (X x K, # x inK): 
= (x, kh-1), h c K. 
Denote by ~ the measurable partition of X x K into F(c)-ergodic omponents. 
The groups F(c) and V(K) pairwise commute. Therefore, V generates on ((X x 
K)/G (# x mK)/{) a new action W(F,c) of K which is called the Mackey action 
(or the action associated to thepair (F, c)). Note that W(r,c)(K) is ergodic if and 
only if F is ergodic and W(r,c) (K) is isomorphic to the translation on K if and 
only if c is a coboundary. 
Remark 1.4 Recall some results from [AHS, BG1, GS1, GS2] about Mackey 
actions that will be used later on. 
(1) It was proved that if U(K) is an amenable rgodic nonsingular action of 
K on a measure space, then there exists a pair (F, d), where F is a countable 
ergodic approximately finite (a.f.) group of measure preserving automorphisms 
and d is a recurrent cocycle from Z 1 (X x F, K), such that U(K) and W(F,a) (K) 
are isomorphic. In particular, F may be taken to be of the form F(c) where c is a 
cocycle with dense range in some amenable 1.c.s.c. group G. 
(2) Let Fi be an ergodic a.f. measure preserving roup of automorphisms of
(J(i, •i, #i) and let di¢ Z 1 (X X Fi, K) be a recurrent cocycle, i = 1,2. Then, the 
Mackey actions W(F~,dl)(K) and W(r2,d2)(K) are isomorphic if and only if there 
is an isomorphism R:X1--+ X2 such that R[F1]R-I= IF2] and cocycles 
d1(x, 71 ) and d2 o R(x, 71):= d2(Rx, R~/1R-1), (x,'~l) E X1 x F1, are cohomo- 
logous, i.e. there exists a measurable map ~ : X1 --+ K such that 
d2 o R(x, 71) = ~(71x)da (x, 71)~(x) -1. Such cocycles (or, more generally, the 
pairs (F1, dl) and (F2, d2)) are called weakly equivalent. We will use the fact that 
if c and cl are cocycles with dense range over F, then they are weakly equiva- 
lent. 
(3) Let { U(K)} be the class of K-actions isomorphic to an action U of K. 
Let F(c) be an ergodic countable a.f. measure preserving roup where c is a 
cocycle with dense range in G. It follows from the above facts that {U(K)} 
contains the Mackey action W(r(c),d)(K) where d is a recurrent cocycle over 
F(c) with values in K. Conversely, if F(c) is fixed, then every cocycle d over 
F(c) determines a class of isomorphic K-actions. Furthermore, two cocycles d
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and d~ over F(c) determine the same class if and only if they are weakly 
equivalent. 
We will also need the following technical statement ( he proof  is standard). 
Remark 1.5 Let (X, #) be a Lebesgue space and let K and H be 1.c.s.c. groups 
with the Haar  measures mx and mH respectively. Suppose that F is a measur- 
able map from (X x K, # × mK) into (H, mH) such that F(x, k) = ho for a.e. 
(x, k) E X x K where h0 E H. Assume that F is continuous in k for #-a.e. x E X. 
Then there exists a measurable set D c X, #(X - D) = 0, such that F(x, k) = 
h0 for all (x, k) E D x K. 
2. EXTENDIBLE  AND NON-EXTENDIBLE  ACT IONS 
We begin with the definition of extendible actions on a measure space. 
Definition 2.1 Let V be an ergodic action of an abelian l.c.s.c, group A. by non- 
singular automorphisms on a measure space (X, 13, #). Let O---*A ~ E 
G---~ 1 be a group extension of A by an amenable l. c.s.c, group G. We say that V is 
extendible to an action of E if there exists an action W of E on ( X, 13, #) such that 
V(A) is isomorphic to W(i(A)). 
Remark 2.2 (1) Let W be an ergodic action of E (or ET(G,A)) on a measure 
space and let 0 be a group automorphism of E that acts identically on A. De- 
note the group of all such automorphisms by Aut(E;A). Elements from 
Aut(Ef; A) are described explicitly in Proposition 1.2. Given 0 E Aut(E; A), de- 
fine a new action O*(W) of E by setting up O*(W)(k) = W(O(k)), k E E. 
Clearly, W and 0*(W) have the same action of A. Therefore, if an action V of A 
is extendible to an action W of E, then V is also extendible to the action 0 * (W) 
of E for any 0 E Aut(E; A). 
(2) We note that if V(A) is extendible to an action of Ef(G, A) then it is also 
extendible to an action ofEf~ (G, A) whereJi =f  +fp is cohomologous tof .  
Theorem 2.3 Let T be the translation on A : T(a)(b) = ab, a,b E A. Then: 
(1) T is extendible to an action of E if and only if E splits. 
(2) I f  E = Eu( G, A ), then T is extendible to an action of Ef if and only if f is a 
2-coboundary. 
Proof. (1) Suppose that q:G ~ E is a group homomorphism such that 
j o q = id. We can easily find an action of E that extends T. Given k E E take 
g E G, a E A, such that k = q(g)a. Define g.  a = q(g)aq(g) -1. Then set 
W(k)(b) = W(q(g)a) (b)=g. (ab) ,  k E E. 
Clearly, W extends T. Next, i fk l  = q(gl)al, k2 = q(g2)a2, then 
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W(klk2) (b) = W(q(glg2)(g21" al)a2))(b) 
= (gig2)' [(g21' al)azb] 
= gl" [alg2 - (a2b)l 
= W(q(gl)al)W(q(g2)a2)(b) 
= w(<)  w(k2)(b). 
Note that i fk  = q(g)a, then k -1 = q(g-1)(g, a-t) and W(k-1)(b) = W(k) l(b). 
Observe that in this proof we have not used that A is abelian. 
To prove the converse, we have to assume that A is abelian (the group op- 
eration in E and A will be again written multiplicatively). Let T be extendible to 
an action W of E. Let q : G---+ E be a Borel normalized section. Denote 
W(q(g)) = r(g), then (g,b)~-+r(g)(b) is a Borel map from G x A into A that 
leaves the Haar measure mA quasi-invariant for every g E G. Then g c G defines 
a group homomorphism a~--~g, a where, by definition, g- a = q(g)aq(g) -1. Let 
f : G × G --+ A be a 2-cocycle such that q(glg2)f(gl,g2) = q(gl)q(g2). Then we 
get the following relations: 
(2.1) r(g)T(a) = V(g. a)r(g), 
(2.2) r(gl)r(g2) = ~-(glg2) T(f(gl ,  g2)). 
Relation (2.2) implies that r(g)(ab) = (g. a)r(g)(b) for all b E A. Then, for 
b = 1, we have 
(2.3) r(g)(a) = (g. a)sg 
where sg = r(g)(1) is a Borel map from G into A. In such a way, the W-'action' 
of G (i.e. the maps r(g)) can be found by (2.3). Note that (2.1) holds auto- 
matically if (2.3) is true. Furthermore, it follows from (2.2) and (2.3) that there 
is a relation betweenf  and Sg. Indeed, 
7-(g 1)7- (g2)  (b )  = [ (g ig2)  • bl  (g l "  Sg 2)sg, 
r(glg2) T0C(gl, g2)) (b) = [(glg2) • b] [(glg2)' f (g l ,  g2)]Sglg2. 
Thus, 
(glg2) " f(gl ,g2) = (gl " Sg2)(Sglg2)-lsgl 
or  
= • s 1-1 [(g-lg-1 f(gl,g2) (g21"Sgz)[(glg2)-1) gtg2J [k 2 1 ) 'Sg l ]  ' 
Denotep(g) = (g 1 . Sg)-l. Then 
f (g l ,  g2) = [g2<-P(gl)l-lp(glg2) (P(g2))-7. 
Clearly, p(e) = 0. Therefore, E splits s incef  is a 2-coboundary. 
(2) In the case E = Eu(G, A) the proof is the same. We should only note that 
becausef  is continuous andp is Borel, then, by Lemma 1.1, we get thatp is a 
continuous map, and therefore,f  is a 2-coboundary (see (1.5)). [] 
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Now we recall some notations and results from [B] that will be used later on. 
Let 7r : X x F --+ Ef(G,A) be a cocycle over a countable rgodic measure pre- 
serving group of automorphisms F acting on (X,/3, #). Then ~r = (c, a) where 
C C Z 1 (X x F, G) and a C Z),c(X x F, A). 
It can be easily verified that every a E Z),c(X x F, A) generates a cocycle b~ 
from Z 1 (X x G x F(c), A) where 
(2.4) b~(x,h,7(c))=h-l 'a(x,  7)+f(c(x, f ) ,h) ,  7EF .  
We obtain two simple consequences of this fact. Firstly, a~b~ defines a map S 
from Z),c(X x F,A) into ZI (x  x G x F(c),A) where f E ZZ(G,A), 
c E Z 1 (X x F, G). Denote by I(f ,  c) the image of Z),~(X x F, A) under the map 
S. Then I(f ,  c) c Z 1 (X x G x F(c), A) and we will see below that cocycles from 
I(f,  c) produce extendible actions of A via the Mackey construction. One can 
show that a cocycle d : X x G x F(c) --+ A belongs to I(f ,  c) if and only if 
(2.5) d(x, h, 7(c)) = h -1. d(x, e, 7(c)) +f(c(x, 7), h) 
for a.e. (x, h) E X × G. Indeed, (2.5) holds for a.e. x c X and all h E G (Remark 
1.5). Define a(x, 7) = d(x, e, 7(c)), then d = b~. Secondly, we can consider the 
Mackey action W(r(c),b~) of A associated with (F(c), b~) as well as the Mackey 
action W(F,~) of (e, A) associated with (F, 7r). It turns out that these two actions 
are isomorphic. 
Theorem 2.4 [B] Given a cocycle ~r = (c, a) : X x I" ---+ ET(G, A), let b~ be defined 
by (2.4). Then, W(F(c),b~)(A) is isomorphic to W(r,~)(e, A). 
We will study only ergodic actions of Ef and (e, A). Theorem 2.4 shows that, in 
this case, cocycles c E Z 1 (X x F, G) must necessarily be of dense range. 
The next theorem answers the question when an ergodic action of A can be 
extended to an action of Ef(G, A). The key point here is that, without loss of 
generality, we may deal only with Mackey actions of A and EU and therefore use 
the results mentioned in Remark 1.4. 
Theorem 2.5 [B] Let V be an ergodic nonsingular action of A on a measure space 
(£2, m) and let f be a 2-cocycle from Z2(G, A). Then the following statements are 
equivalent: 
(i) V is extendible to an action of Ef(G, A); 
(ii) for some cocycle c c Z 1 (X x F, G) with dense range, there exists a cocycle 
d E I(f, c) such that V(A) is isomorphic to the Mackey action W(r(c),d)(A); 
(iii) for every cocycle E Z 1 ( X x F, G) with dense range, there exists a cocycle 
d c I(f, e) such that V(A) is isomorphic to the Mackey action W(r(c),a) (A). 
The last statement of Theorem 2.5 asserts that extendibility of V(A) does not 
depend on a choice of c. In other words, this property does not depend on a 
realization of V(A) as an associated action. 
To clarify Theorems 2.4 and 2.5, we note that if d E I0  c, c), then W(r(c),a) (A) 
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is obviously extendible to the Mackey action of Ef(G , A) built by (/', ~r). Indeed, 
since d = b~, we get that 
W(r(c),d)(A) ~-- W(r(c),b~)(A)~- W(r,~)(e,A). 
The last Mackey action is extendible to the action W(r,~)(Eu). Based on this 
observation, we will call actions of A of the form W(c(c),a)(A), where d E I ( f ,  c), 
explicitly extendible. This term emphasizes the fact that W(r(c),d)(A) can be 
considered as a subgroup in W(r,~)(Ef). On the other hand, if we know that an 
action V(A) is extendible, then it this means that V(A) is isomorphic to an ex- 
plicitly extendible action of A. 
Remark that to show that (ii) and (iii) are equivalent, we use the following 
statement proved in [B]: If  c and cl are two cocycles from ZI (X  x F, G) with 
dense ranges in G, then for any cocycle d E I0  r, c) c ZI (X  x G x F(c), A) there 
exists a cocycle dl c I ( f  , cl) c Z I (X  x G x F(cl) ,A) such that the Mackey ac- 
tions W(r(c),d)(A) and W(r(c~),al)(A) are isomorphic. 
The next proposition gives another approach to the extendibility problem. 
We will work here with a group extension E of an abelian group A by G as in 
Theorem 2.3. Let V be an ergodic action of the group A on a measure space 
(X, B, #), and suppose that T : G --+ Aut(X, B, #) is a map satisfying the condi- 
tions: T(gl)~-(g2)=~-(glg2)VCf(gl,g2)) and T(g -1) =~-(g)- lv( f (g,g-1))  (the 
latter is equivalent to -r(e) = D) where f  is a 2-cocycle defined by a normalized 
section g : G --+ E as in Section 1 and g, gl, g2 E G. We call such a -r an f -act ion 
of G with respect o V. 
Proposition 2.6 An ergodic action V of A is extendible to an action W of E if and 
only if there exists an f-action ~- of G such that 
(2.6) T(g) V(a)T(g) -1 = V(g. a), g E G, a c A, 
where g. a = q(g)aq(g) -1. 
Proof. The proposition can be easily proved by utilizing the same argument as 
in the proof of Theorem 2.3. [] 
Based on Theorem 2.3, we can deduce some results about extendibility of 
Mackey actions associated to F(c)-coboundaries. From now, we work with to- 
pologically trivial group extensions. 
Lemma 2.7 Let c E Z 1 (X × I", G) be a cocycle with dense range and let d E 
B I (x  x G x F(c),A) be a F(e)-coboundary. Then d E I(fp, c) if and only if there 
exists a measurable map ~ : X ---+ A such that for a.e. x E X and all h E G 
(2.7) d(x,h,'~(c)) = (h-lc(x,@ -1) "((Tx) +p(c(x,~/)h) - (h -1 .~(x) +p(h)). 
Proof. It is straightforward to check that if d satisfies (2.7), then d E I(fp, c). 
Conversely, let s :X  x G--* A be a measurable map and assume that 
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d(x, h,'y(c)) := s(?(c)(x, h)) - s(x, h) belongs to I(fp, c). It follows from (2.5) 
and (1.5) that 
S(~(C)(X, h) ) - h -1 .  s ( 'T(c) (x  , e) ) - p(c(x, ,,/)h) - h -1 . p (c (x ,  "y) ) 
= s (x ,  h) - h -1 .  s (x ,  e) - p(h) - h -1 .  p (e) .  
Let/3(x,h) =p(h), (x,h) e X x G. Then the last expression has the form 
s(?(c) (x, h)) - h -1. s(7(c)(x, e)) -/3(7(c) (x, h)) + h -1./3(7(c ) (x, e)) 
= S(X, h) - h -1 .  s (x ,  e) - p(x, h) + h -1"  [)(x, e). 
In view of ergodicity of F(c), there exists some a C A such that s(x, h) = h -1 • 
s(x, e) +p(h) + a for a.e. x E X and all h E G (see Remark 1.5). Therefore (2.7) 
holds where ~(x) = s(x,e). [] 
Proposition 2.8 Let d E B 1 (X × G x F(c),et) where c has dense range. Then 
W(v(c),d) ( A ) is extendible to an action Ef ( G, A) if and only if f is a 2-coboundary. 
Proof. The assertion is a direct consequence of Theorem 2.3 because 
W(v(c),d) (A) is isomorphic to the translation T on A. [] 
Corollary 2.9 Let c be a cocycle with dense range. Then BI(X × G × F(c),A) M 
I ( f  , c) 7k (0 if and only if f is a 2-coboundary. 
Proof. The statement follows immediately from Lemma 2.7 and Proposition 
2.8. Here we give a short direct proof of the corollary assuming, for simplicity, 
that G is countable. 
Let d E I0 c, c) be a/'(c)-coboundary. Then there exists a measurable func- 
tion {: X x/ ' - -+ A such that d(x,h,~/(c))= {('y(c)(x,h))- ~(x,h) and d sa- 
tisfies (2.5). Then 
(2.8) ~(7(c) (x, h)) - ~(x, h) = h -1. {('7(c)(x, e)) - h -1. ~(x, e) +f(c (x ,  7), h). 
Let 7'0 = {7 E [F] : c(x, 3') = e a.e.}, then F0 is ergodic (recall that G is coun- 
table and F(c) is ergodic). It follows from (2.8) that for each 7o E F0, 
((70x, h) - {(x, h) = h -1. ~(7x, e) - h -1. {(x, e). 
By ergodicity of F0 we get that 
(2.9) ~(x, h) = h -1. ((x) + r(h) 
where ¢(x) = {(x, e), and r is a normalized Borel map from G into A. It follows 
from (2.8) into (2.9) that 
(2.10) f (c(x,@,h) = -h  -1 .r(c(x, 7)) +r(c(x,T)h) - r (h) .  
Let G = {gi : i E N} and let "Yi E [F] be such that c(x, 7i) = gi a.e. Taking 7 = 7; 
in (2.10), we get that f is a 2-coboundary. [] 
Recall that Z 1 (X × G × F(c), A) is a Polish space with respect to the topology r 
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of convergence in measure. I f /~ is a.f., then BI(X x G x F(c),A) is dense in 
Z 1 (X x G x F(c), A) [Sch]. Let [d] denote the set of cocycles from Z 1 (X × G x 
F(c), A) weakly equivalent to a cocycle d (in particular, cohomologous to d). 
Then, [d] is dense in Z 1 (X x G x F(c), A) for every d. 
As mentioned in Remark 1.4, every ergodic nonsingular A-action is iso- 
morphic to the associated action W(r(~),~) (A) where an ergodic group F(c) may 
be chosen a priori and d is a cocycle from ZI(x x G x l~(c),A). Thus, roughly 
speaking, one can state that the variety of associated actions of A is determined 
by cocycles from Z 1 (X x G x F(c), A). Note that if such a cocycle d is of the 
form (2.5), then the corresponding action is explicitly extendible to an action of 
El. Our goal now is to answer the question: How typical are cocycles d which 
determine xplicitly extendible actions of A? 
Consider the set 
r(c)-- U i(f,c) 
fEZ2(G,A) 
formed by explicitly extendible cocycles. Indeed, if d ¢ I(c), then there exists 
f cZ2(G,A) such that d=b~ for some oeEZ), c. Then W(r(~),a)(A)= 
W(v(~),b~)(A) is isomorphic to W(v,~)(e,A) by Theorem 2.4, and hence is ex- 
tended to Ef. 
Next, we note that I(c) is a subgroup in ZI (Xx  Gx F(c),A) since 
I( f ,  c) + I(fl, c) = I ( f  +f l ,  c). Assuming that c has a dense range in G, we see 
that I( f ,  c) n I0q , c) = ~) whenf  ¢ f l .  It is known that I(c) does not depend on c 
up to isomorphism [B]. 
To clarify the structure of I(c), we first observe that I(0, c) is a closed sub- 
group of I(c). For this, take dk E I(0, c) such that dk --+ d (in measure), k C N. It 
follows from Remark 1.5. that the relation &(x,h,',/(c)) = h -1. dk(x,e, 7(c)) 
holds for all k ¢ N and all (x,h) c D x G where #(X-  D) = 0. Taking the 
pointwise limit in the above relation, we obtain that d E I(0, c). Let df be a fixed 
cocycle from I~, c), f ¢ Z2(G, A). Then, the relation 
(2.11) I~,e)=df+I(O,c) 
shows that I0  c, c) is also closed. Therefore, I(c) is a disjoint union of closed 
subsets. 
G ivenf  E Z2(G, A) and c ¢ Z 1 (X x F, G), we point out how one can construct 
a cocycle from I(f ,  c). Since F is a.f., one may assume that F = {T n : n c N} 
where T is an ergodic automorphism [CFW]. Let u : X ---+ A be a measurable 
function. G ivenf  c Z2(G, A), set 
 s(x, T) = 
oef(x, T 2) = f(c(Tx, T), c(x, T)) q- c(x, T) -1- u(Tx) -4- u(x) 
and so on. In such a way, we define an H-cocycle d (see (1.6)). Denote 
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df(x, h, Tn(c) ) = h -1" e~f(x, T ~) + f(c(x,  T~), h). 
Clearly, df E I ( f ,  c). It is easily seen that if, in particular, u(x) = 0, then this 
construction defines an injective group homomorphism f~df  from ZZ(G, A) 
into ZI (X  x G x F(e),A). It follows from (2.11) that I(c) is isomorphic to the 
direct product Z2(G, A) × I(0, c). 
Let us consider the case of a countable group G. 
Theorem 2.10 Let G be a countable amenable group and let F be an ergodic a.f 
group of measure preserving automorphisms and let c E Z I (X  × F, G) be a co- 
cycle with dense range in G. Then I(c) is nowhere dense in Z 1 (X x G × F(c), A) 
with respect o the topology ~- of convergence in measure. 
Proof. We first show that I(c) is a closed subgroup o fZ  1 (X × G × F(c), A). Let 
(dn) be a sequence from I(c) converging in measure to some cocycle d. Then 
every dn defines uniquely a 2-cocyclefn such that 
dn(x, h, "[(c) ) - h -1. dn(x, e, 7(c)) = f~(c(x, 7), h). 
Note that the right hand side depends neither on x E X nor on 7 E F but only 
on the value c(x, 7) and h E G. Passing to a subsequence, we see that the left- 
hand side has a limit in the sense of almost sure convergence. By countability, 
the exceptional null set N for this convergence may be chosen to be in- 
dependent of all 7 E F and h E G (see Remark 1.5). Since the cocycle c has 
dense range, the set N can be also chosen so that for any g E G and any x ¢ N 
there exists a 7 = 7(x,g) c F such that c(x, 7) = g. Then define the funct ion f  
on G x G by choosing for g E G any x ¢ N and by putting for any h E G, 
f (g,  h) = lim [d~(x, h, 7(c)) - h -1 '  d,(x, e, 7(c))] 
/ ' / - - -900 
where ~, = 7(x,g). One then sees that f  E Z2(G,A). 
Since F (and hence F(c)) is a.f., the set B 1 = B 1 (X × G x F(c), A) is dense in 
Z 1 (Y x G x F(c), A) in ~-. Denote by M = B 1 N Z 1 (X x G x F(c), A). We prove 
that B 1 \ M is still dense in Z 1 (X x G × F(c), A). To see this, we will show that 
every coboundary d from M can be approximated in "r by a coboundary 
d I E B 1 \M.  Indeed, Lemma 2.7 says that d belongs to M if and only if 
d(x, h, 7(c)) = s(7(c)(x, h)) - s(x, h) where s(x, h) = h -1. ~(x) + p(h). Since G is 
countable, the full group [F] contains the ergodic subgroup F0 = {'7 E IF] : 
c(x, 7) = e for a.e. x E X}. Let d E M and let s, ~, p be as above and e > 0. 
Then 
d(x, h, ")'0(c)) = h -1 .  (~(ff0 x) - ~(x)) ,  "Y0 E/- '0.  
We show that there exists a F(c)-coboundary d' ¢ M which satisfies the rela- 
tion 
x :  al(x, h, # d(x, h,.y(c))} < h a,  c r .  
Choose and fix a0 E A which is not zero and take disjoint subsets D(h), h E G, 
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of X such that #(Uhca D(h)) < c/2. For every h ¢ G, define the measurable 
function I(D(h)) : X ~ A by 
S O, if x f~ D(h) 
I(D(h))(x) 
a0, if x ¢ D(h). 
Set k(x,h) = s(x,h) + I(D(h))(x). Now define the F(c)-coboundary d ~ by set- 
ting 
d'(x, h, 7(c) ) = k(7(c)(x, h) ) - k(x, h). 
Note that 
dt(x, h, 7(c)) = d(x, h, 7(c)) + I(D(e(x, 7)h))(Tx ) - I(D(h))(x). 
Then, d ~ is e-close to d in ~--topology, because 
#{x E X :  d(x ,h,  7(c)) # d(x,h, 7(c))} 
=#{x c X :  I(D(c(x, 7)h))(Tx ) - I(D(h))(x) 7~ 0} 
<_#{x ¢ X :  7x E D(c(x, 7)h)} + #(D(h)) < e. 
Suppose that d '¢  M. Then d' must be of the form d'(x,h, 7(c) )= 
s'(7(c)(x , h)) - s ' (x ,  h) , where s'(x, h) = h -1. ~'(x) + p'(h). It follows from the 
above relations for d' that if 7o 6 F0, then 
h -1- (~'(70x) - {'(x)) = h -1. (~(70x) - ~(x)) + I(D(h))(7ox) - I(D(h))(x). 
Therefore, for every h • G, the function 
ch(x) = h -1 .  ( ( (x )  - - I (D(h) ) (x )  
is F0-invariant and hence ch(x) is a constant e(h) • A a.e. Taking x from 
D(h), h # e, we see that the relation c(h) = h -1 . e(e) - ao holds. Thus, for any 
h # e and a.e. x c X, we get that 
h . ao + I(D(e) )(x) = h . I(D(h) )(x). 
I f  we choose x ff D(h) U D(e), then we have h. a0 = 0, which implies a0 = 0, a 
contradiction. 
To complete the proof, we observe that the interior of I(c) is empty since 
ZI (x  × G × F(c),A) \ l(c) i sopenandconta insthedensesubsetB 1 \ M. [] 
The next theorem gives a sufficient condition for a cocycle d E Z I (X × G x 
F(c), A) to belong to I(c). In other words, for d satisfying the condition of the 
theorem, there existsf  C Z2(G, A) such that W(r(c),d)(A) may be extended to an 
action of El. 
Theorem 2.11 Let F be an ergodic a.f countable group of automorphisms of 
(X, 13, #) and let c be a cocycle over F with dense range in a countable amenable 
group G. Assume that for given d E Z 1 (X × G x F(c), A) there exists a subset 
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N c X, #(N) = O, such that d(x, h, 7(c)) - h -1 • d(x, e, 7(c)) does not depend on 
x E X - N. Then d E I(c). 
Proof. It follows from [BG2] that F is generated by ergodic subgroup F0 = 
{TE[F]  : e(x, 7 )=efora .e .  xEX} and the automorphisms 7gC[F]A  
N[F0] such that c(x, 7g) = g for a.e. x E X and g E G. Set 7e = 1. Then, for each 
7 E F and a.e. x E X, there are g = g(x) ~ G and 70 E F0 such that 7x = 7970x. 
Without loss of generality, F may be taken as a free a.f. group of automorph- 
isms. It allows one to extend d to the full group [F]. By the assumption of the 
theorem, we can define 
(2 .12)  F (7 ,  h ) = d(x ,h ,7 (c ) )  - h -1" d(x,e ,  7(c)) , 
where 7 E F and x E X - N, #(N) = 0. If  h is fixed and 7 runs over the full 
subgroup F0 C [F], then F(7, h) defines a group homomorphism Fh from F0 
into A. Furthermore, Fh is continuous with respect to the uniform topology (see 
e.g. [HO]). Thus, the kernel ofFh, ker(Fh), must be a normal closed subgroup in 
F0. It follows from [Dye] that ker(Fh) is either {D} or F0. But if for 71,72 C frO, 
#({xc  X :71x=72x})  > 0, then Fh(71) =Fh(72). This shows that 
ker(Fh) = Fo. In other words, we proved that for all 70 E F0 
(2.13) d(x,h,7o(c)) - -  h -1 .  d(x,e, 7o(c)) = O. 
Define 
(2.14) f (g,h) = F(Tg, h), g,h E G. 
Note thatf(e,g) =f(g ,  e) = 0, g ~ G. Next, take 7 E G, then 7x = 797ox where 
g depends on x and 7o E F0. We get for a.e. x E X that 
(2.15) 
d(x, h, 7(c)) - h -1. d(x, e, 7(c)) 
=d(T0x, h, 7g(c)) - h -1. d(70x, e, 7g(C)) 
+ d(x, h, T0(c)) - h-ld(x, e, 70(e)) 
=f(g,h) (by (2.13), (2.14)) 
=f(c(7ox, 7g)C(X, To), h) 
=f(c(x, 7), h). 
I f  we prove that f  is a 2-cocycle, then (2.15) would imply that d E I ( f ,  c) C I(c). 
Thus, it remains to show that f  c zz(G, A). By definition o f f ,  this is equivalent 
to showing that for all gl,gz,g3 E G, 
(2.16) 
g31 • d(x, g2, 7gl (C) ) .3[_ d(x, g3, ~/glg2 (C)) -- g3  ] " d(x,  e, 7g,g2(c)  
=d(x, g3, 792(e) ) - g31. d(x, e, 792(c) + d(x, g2g3, 791 (c) ). 
It is easily seen that 7gig2 (e) = 7gi (C)7g2 (e)70(c) for some 7o from F0. Therefore, 
we can get from (2.14) and the assumption of the theorem that 
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(2.17) 
d(x, g3, "Ygl ( c)"/g2 (c)~o( e) ) - g31" d(x, e, "/g, ( C)Tg 2 (c)"[0 (c)) 
=d(Tg2"[ox, g2g3, 7g, (c) ) - g31 • d("/g270x , g2, "7gl (c) ) 
+ d(x, g3, "/g2 (c)) - g31" d(x, e, 7g~(C)). 
It follows from (2.17) that (2.16) may be transformed into the following rela- 
tion: 
(2.18) d('YgzTOX, g2g3, 7g~ (c) ) - g31. d(TgzTOX , g2, 791 (c) ) 
-~d(x, g2g3, ~Ygl (c) ) - g3 I. d(x, g2, 3'gl (c) ). 
To see that (2.18) is true, let us add and subtract g31g21 • d(Tg27Ox, e, 7g~ (c)) 
from the left-hand side of (2.18), and g31g; 1 • d(x, e, 791 (c)) from the right-hand 
side. Then 
d(Tg2 7OX, g2g3, ~gl (C) ) -- g~l g21. d("/g270x , e, 791 (c) ) 
- g31" [d(Tg270x, g2, 9/gl (c)) - g21. d(Tg2",/ox , e, 7gl (c))] 
=d(x, gzg3, 7gl (c) ) - g31g21, d(x, e, "791 (c) ) 
_ g;1.  [d(x, g2, 7gl (c)) - g21. d(x, e, 7gl (c))]. 
Clearly, the last relation (and therefore (2.16)) holds. [] 
We conclude this section with several examples of extendible and non-ex- 
tendible actions. 
Examples 2.12 (1) It is a simple exercise to construct an extendible (even ex- 
plicitly) action of A taking into account Theorem 2.5 and relation (2.5). To find 
a non-extendible action is a more delicate problem. It is not sufficient to take a 
cocycle d which is not in I(f ,  c) because d may be weakly equivalent to some 
dl E l ( f ,  c) and therefore the action W(r(c),d)(A) turns out to be extendible. 
Moreover, note that the class [d] of cocycles weakly equivalent to d is dense in 
Z I (X x G x F(c),A).  
In the examples given below, we take A = R, G = N+, and E0 = R+ x R. 
(2) We first remark that one can find a countable rgodic group of measure 
preserving automorphisms F and cocycles cand d such that the Mackey action 
of R generated by (F(c), d) is isomorphic to a special flow W(Q,~) (R) built by a 
base automorphism Q acting on the unit circle g and a ceiling function ~ = 1. 
Moreover, Q is isomorphic to the circle rotation with an irrational rotation 
number. Then we claim that W(Q,~)(R) cannot be extended to an action of 
E0 = ~+ • N. For this, it suffices to show that Proposition 2.6 fails. Let us as- 
sume that there exists an action 7- of ~+ on Y =~ x [0, 1) such that for 
(x,u) E Y ,p~N+,  tEN,  onehas 
(2.19) T(p)W(t)(x,u) = W(p@-(p)(x,u) 
where W(t) = J/V(Q,I)(/). Note that W(1)(x,u) = (Qx, u), (x,u) E Y. Then, it 
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follows from (2.19) that W(1) is isomorphic to W(2) where 
W(2)(x, u) = (Q2x, u). We get a contradiction since their spectra re different. 
(3) In (2), we have found an example of R-action which is not extendible to 
an action of R~k ~< R and has zero entropy. Relation (2.12) (or, more generally, 
(2.6)) shows that, for every p E R+ and t E R, the automorphisms W(t) and 
W(pt) must be isomorphic. This simple observation allows us to produce a fa- 
mily of R-actions with positive entropy that cannot be extended to actions of 
R+ ~ N. Let W(0,~ ) (R) be an ergodic special flow of measure preserving auto- 
morphisms uch that the entropy h(Q) > 0 and finite. Then W(Q,~)(R) is not 
extendible to an action of N~_ ~< R since W(t) and W(pt) have different entropies. 
On the other hand, suppose we are given an ergodic measure preserving action 
U of N+ ~< R. Then the automorphism group U({ 1 } × R) has the property: the 
entropy of every U({1} x t), t E N, is either 0 or c~. 
(4) (This example was given by I. Kornfeld). Let U(t) be the horocycle flow 
and let ~(s) be the geodesic flow in the Poincar6 half plane {z c C : Im(z) > 0}, 
s, t c R. It is well known that they are related in the following way: 
(2.20) e(s)  = cr(teS). 
Define 7-(p)= ~p(logp). It follows from (2.20) and Proposition 2.6 that the 
horocycle flow can be extended to the action of R+ ~ N defined by ~- and U. 
3. ISOMORPHIC ACTIONS OF GROUP EXTENSIONS 
This section is devoted to the solution of the following problem: Suppose we are 
given by two isomorphic actions of A, V1 and V2. Assume they are extendible to 
actions U1 and U2 of Ef(G, A). The question is: Under what conditions are U1 
and U2 isomorphic? 
As above we represent any ergodic nonsingular action of Ef as the Mackey 
action W(F,~)(Ef) where F is an ergodic measure preserving a.f. countable 
group of automorphisms of (X, B, #) and 7r : X x F ~ Ef is a cocycle. The fol- 
lowing proposition isan immediate consequence of the results from [GS1, GS2] 
discussed in Section 1. 
Proposition 3.1 Let U1 and U2 be two &omorphic ergodic actions of Ef. Then 
there exist pairs (F, 7rl) and (F, 7r2) such that Ui is isomorphic to W(F,~,), i = 1,2, 
and the cocycles 7rl, 7r2 are weakly equivalent, i.e. there is R E N[F] such that 7rl o 
R is cohomologous to 7r2 where 17" is an ergodic countable a.f group of measure 
preserving automorphisms. 
Consider first the converse problem to the question formulated above. 
Theorem 3.2 Let W(r,~) and W(r.~) be &omorphic ergodic actions of Ef where 
7r = (c, a) and Trl = (cl, c~1) are cocycles with values in Ef ( G, A ). Then there exists 
an automorphism R'(x, h) = (Rx, k(x)h) of (X × G, # x mG), R E NIF ], such 
that the cocycles bc~ 0 R~ and bal are l"(cl )-cohomologous. 
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Proof. It follows from Proposition 3.1 that there exist a measurable function 
~b(x) = (k(x), u(x)) : X --+ Ef and an automorphism R C N[I'] such that for any 
7CP  and a.e. xEX,  ~roR(x, 7)=~(Tx)~rl(X, 7)gS(x) -1. By (1.4), 
~(x) -1 = (k(x) -1, - f  (k(x), k(x) -1) - k(x) . u(x) ). Then 
o R(x, ~) = (o o R(x, ~) ,~ o R(x, ~)) 
: (k(~x), bl("/X))(£1 (X, "/), O~ 1 (X, ~) ) (k (x )  -1 , 
and therefore 
(3.1) 
(3.2) 
- f (k(x) ,k(x)  -1) -k (x ) .u (x ) ) ,  
coR(x,@=k(~x)ci(x,~)k(x) -1, 
~oR(x,@ =f(k(sx)cl(x,~),k(x) -1) +k(x).f(k(~x),cl(x,@) 
+k(X)Cl(X, 7)- l 'u(Tx)+k(x)  • ffl(x.@ - f (k(x) ,k(x)  -1) -k(x) .u(x) .  
Applying (1.2), we get 
k(x) . f (k(~/x), cl (x, @ ) + f (k("/X)Cl (x, ~/), k(x) -1) 
= f(k(~/x), cl (x, @k(x)-1) +f(c l  (x, ~), k(x)-l) 
and then (3.2) is transformed into 
c~ o R(x, ~) =f(k(~/x), cl (x, ,y)k(x)-1) +f(c l (x ,  7), k(x) -1) - f (k(x),  k(x) 1) 
+ k(x) .  ~1 (x, ~) + k(x)ol (x, ~) 1. ,(~x) - k(x) .  ,(x). 
It is easy to check that if c~ E Z).,o(A), then c~ o R C Z),coR(A). 
Define the automorphism R'E Aut(X x G, p x raG) by setting R~(x,h)= 
(Rx, k(x)h). It is a simple exircise to verify (using (3.1)) that 
(3.4) R'7(cl)(R') -1 = R~/R-I(c). 
To compute b, o R' and b~ we use (2.4), (3.3), and (3.4): 
bc~l (X, h, "[(Cl)) = h - l  " OZl (x, 7) + f(c l  (x, 7), h) 
and 
bc~ o R'(x,h,~/(Cl))  
=(h - ik (x ) -1 ) .  ct(Rx, R'TR -1) + f (c (Rx ,  RTR-1), k(x)h)  
(3.5) =h-lk(x) -1 . f(k(nx),cl(x,@k(x) -1) + h-lk(x) -1 "f(cl(x,"f),k(x) -1) 
__ h - lk (x )  1 . f (k (x ) ,  k(x) -1 ) _L h -1 .oz 1 (x, ~) Jr- h -1 c1 (x, ,.,/)-1. b/('~X) 
- h -1 • u(x) +f(o o R(x, ~), k(x)h). 
Applying (1.2) to the first 3 terms of (3.5), we can rewrite 
bo~ o Rt(x, h, ~(C1)) =f(k(~/x), C 1 (X, "[)h) + f(c l  (x, 7), h) 
- f (k(x),  h) + h -1. C~l(X, ~') + h-l Cl(X, @-1. u(~/x) _ h-l . u(x). 
Thus, 
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h a o RI(x, h, ~(c 1 )) - hal (x, h, ,-~(c I )) 
=f(k(Tx),  cl (x, 7)h) - f (k (x ) ,  h) + h-lcl (x, ,~)-1 . U("yX) -- h -1- u(x). 
Denote by ¢(x, h) = f(k(x) ,  h) + h -1 . u(x). To complete the proof, we note that 
ha o R'(x,h,a/(Cl))  -- bal (x ,h,~(Cl)   = ~("{(ci)(x,h)) -- ~(x,h).  [] 
Remark 3.3 It is not surprising that cocycles ba and b~ 1 are weakly equivalent 
since the Mackey actions W(r(~),b~) (A) and W(r(~l),b~,) (A) must be isomorphic 
by Theorem 2.4. The non-trivial part of Theorem 3.2 consists of the explicit 
description of the automorphism R / that implements he isomorphism of these 
Mackey actions. 
Now our goal is to prove the converse statement. To do this, we will have to 
assume that G is countable. 
It is known [GS2] that if c and Cl are cocycles over an ergodic a.f. auto- 
morphism group F both with dense ranges in G, then they are weakly equiva- 
lent, i.e. there exist an R ~ N[F] and a measurable map k : X ~ G such that 
C o R(x ,  "7) = k('TX)Cl (x, "y)k(x) -1, (x, "~) E X × F .  
Theorem 3.4 Let G be a countable amenable group and let c, el, R, and k(x) be as 
above. Define R1(x, h) = (Rx, k(x)h), (x, h) E X x G. Given a E Z),c(A ) and 
al E Z),c: (A), assume that the cocycles ba o R' and bal are F(cl )-cohomologous, 
that is W(r(c),e)(A) and W(r(c~),al)(A) are isomorphic. Then there exists a group 
automorphism 0 of Ef such that the Mackey actions W(F,~I)(Ef) and 
O* ( W) ( F,~r) (Ef ) ) are isomorphic where 7r = ( c, a) and 71-1 = (Cl, a 1). 
Proof. It follows from the assumption that there exists a measurable map q : 
X x G ~ A such that for any 7 E F and a.e. (x, h) E X x G 
h a o Rt(x, h, ,~(c 1 )) - hal (x, h, "{(Cl )) = q(7(cl)(x, h)) - q(x, h). 
By (2.4), we have 
(3.6) k(x) 1. a o R(x,'7) - al(x, 7) 
= h .f(cl (x, 7), h) - h . f (c o R(x, 7), k(x)h) + h. q("y(Cl)(X, h)) - h. q(x, h). 
The left-hand side in (3.6) does not depend on h E G. Therefore, we can put h = 
e in (3.6). Then we have 
h "f (c l  (x, "7), h) - h . f (c  o R(x, 7), k(x)h) + h. q("/(Cl)(X, h)) - h .  q(x, h) 
(3.7) 
= -f(k(Tx)cl  (x, 7)k(x) -1, k(x)) + q(7(Cl)(X, e)) - q(x, e). 
Since 
h .f(cl(x, 7),h ) = - f (c l (x ,  7)h, h -1) +f(h,h- l ) ,  
and 
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- h . f (c  o R(x, 7), k(x)h) 
= f (k (Tx)c l (x ,  7)h, h -1) - f (k (x )h ,  h -1) - f (k (Tx)e l (x ,  7)k(x) -1, k(x)),  
relation (3.7) can be written in the following form: 
q(7(cl)(x, e)) - q(x, e) 
(3.8) = - f ( c l (x ,  7)h,h -1) +f (h ,h  -~ ) +f (k (Tx)c l (x ,7 )h ,h  -1 ) 
- f (k (x )h ,  h -1) + h . q(7(Cl)(X, h)) - h. q(x, h). 
We use (1.2): 
f(k(TX)Cl (x, 7)h~ h -1) - f ( c l  (x, 7)h, h -1) 
= -h  . f (k (Tx) ,  Cl(X, 7)h) +f(k (Tx) ,  cl (x, 7)), 
f(k(x)h, h -1) - f (h ,  h - ' )  = -h  . f (k (x) ,  h). 
Then it follows from (3.8) that 
- h . f (k (Tx) ,  cl (x, @h) +f(k (Tx) ,  cl (x, 7)) 
(3.9) + h. q(7(cl)(x, h)) - q(7(cl)(x, e)) 
= -h  . f (k (x) ,  h) + h. q(x, h) - q(x, e). 
Consider the measurable function F : X x G ~ A 
(3.10) g(x ,h )  = -h  . f (k (x ) ,h )  + h. q(x,h) - q(x,e). 
Note that for every fixed h E G, F is constant a.e. on X. To see this, define the 
ergodic subgroup F0={TE[F ] :C l (X ,  7 )=0fora .e .  xEX}.  For hcG,  
7 E F0, we get from (3.9) that F(Tx, h) = F(x, h), i.e. F(x, h) = ~(h) a.e. 
We show that ~(h) satisfies the relation 
(3.11) ~(gh) = cp(g) +g.  ~p(h). 
Indeed, let 7g c IF] be chosen such that Cl(X, Tg)=g,  g E G where 
x E X - N,  #(N)  = 0. Denote y = 7gx. Then we get from (3.9) and (3.10) that 
~(h) = -h  . f (k (y ) ,  gh) + f (k (y ) ,  g) + h . q(y, gh) - q(y, g) 
= g-1 [_(gh).  f (k (y ) ,  gh) + g . f (k (y) ,  g) + gh. q(y, gh) - g.  q(y, g)] 
= g-1.  (¢?(gh) - cp(g)). 
It follows from (3.11) that ~(h) generates a group autornorphism 0 E Aut(Ef; A) 
defined by O(h, a) = (h, a - ~(h-1)) (see Proposition 1.2). 
Finally, let us define the measure space isomorphism ~5 : X x Ef --+ X x Ef 
as follows: 
~I'(x, h, a) = (Rx, k(x)h, a + q(x, h)). 
Note that, due to (3.10), @ can be written down as follows: 
g)(x,h,a) = (Rx, k(x)h, a + h -l . q(x,e) - cp(h -1) + f (k (x ) ,  h)) 
Recall that the translation on X x Ef by the group Ef is defined by 
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T(h,a) (x, g, b) = (x, (g, b)(h, a)-l) 
= (x, gh -I, h .b+f (g ,h  -1) - f (h ,h  -1) -h .a )  
Claim 1. ~- T(h,a ) = To(h,a) • q~ 
We compute 
~" T(h,a)(x, g, b) 
=(Rx, k(x)gh -1, f(g,h -1 )+h.b - f (h ,h  - I ) -h .a  
+ hg-'. q(x,e) - cp(hg -1) +f(k(x), gh 1)) 
and 
To(h,a) • ~( x, g, b) 
= (Rx, k(x)gh -1, h. b+hg -1.q(x,e) - h. ~(g-1) +h.f(k(x) ,g)  
+f(k(x)g, h -1) - f (h ,  h 1) _ h. a + h. )9(h-1)) 
Note that f(k(x),gh -1) = -f(g, h -1) + h .f(k(x),g) + f(k(x)g,h-1). To com- 
pare the third coordinates in ~.  T(h,a) (x, g, b) and To(h,a) • ~(x, g, b), we notice 
that their difference is equal to -~(hg -1) +h.  ~(g 1 ) -h .  ~(h -1) = 0. The 
claim is proved. 
Claim 2. Let x E X and let 7 and 7rE F, be such that 71Rx = RTx. Then 
~(7(Trl)(X, h, a)) = 7'(Tr)~(x, h, a). 
To show this, set y = 7x. Then 
and 
~(~(71-1) (X , h, a)) 
= ~D(y, Cl(X,"y)h, boq(x,h,~/(c1)) +a) 
= (Ry, k(y)cl (x, 7)h, b,~ (x, h, 7@1)) + a + q(y, Cl (x, 7)h)) 
"/(7r)~(x, h, a) 
= 7'(Tr)(Rx, k(x)h, a + q(x,h)) 
= (7'Rx, c(Rx, 7')k(x)h, bc~(Rx, k(x)h, 7'(c)) + a + q(x, h)). 
Since 7'(c) = R"y(Cl)(R') 1, we have that 
b~(Rx, k(x)h, ~/(c)) - b~ (x, h, "y(c1)) = q(.~x, ~ (x, .y)h) - q(x, h). 
Thus the proof of the claim is complete. 
Now let us return to the theorem proof. Claims 1 and 2 imply that the map ~5 
sends every F(Trl)-ergodic omponent to a F(Tr)-ergodic omponent. We denote 
by ~ the map, induced by ~5, from the quotient space (X x Ef)/~(f'(Tr)) onto 
(X x Ef)/~(F(Trl)) where ~(P(Tr)) and ~(F(Trl)) are partitions into ergodic 
components of F(Tr) and/~(7rl) respectively. Then the map ~5 implements the 
conjugacy between the Mackey actions, that is, 
186 
~W(c,~)(h,a) = O*(W)(r,¢)(~(h,a)), for all (h,a) E El. [] 
The following statement is an immediate consequence ofTheorems 3.2 and 3.4. 
Recall that any ergodic nonsingular action V of A can be represented as the 
Mackey action W(F(~),d)(A) where F(c) is an ergodic a.f. measure preserving 
group of automorphisms, c : X x F -+ G is a cocycle with dense range and 
d E Z I(X x G × F(c), A). We consider the case of a countable group G. 
Theorem 3.5 Assume that two ergodic nonsingular actions V and V1 of A are 
isomorphic, and they are extendible to actions of Ef(G, A). This means that for the 
corresponding Mackey actions W(r(c)d)(A) and WtF(c 1)d 1)(A), there exists an au- 
tomorphism R' on X x G such that R~[F(Cl)I(R')- = iF(c)] and d o R' is I~(Q) -
cohomologous to dl. Then the actions of Ef extended from W(r(c),~)(A) and 
W(F(cI),dl)(A) are isomorphic if and only if R' is of the skew product form, i.e. 
R'(x,h) = (Rx, k(x)h). 
Proof. It follows from Theorem 2.5 that the Mackey actions W(r(c),d)(A) and 
W(r(c~),dl)(A) can be chosen such that d E l(f ,  e) and dl E I0 c, el), i.e. d = b~ 
and dl = b~ 1 • Therefore, the automorphism R' satisfies the conditions of The- 
orem 3.4, and we get that the theorem holds. [] 
Remark 3.6 It is not difficult to point out nonisomorphic actions of Ef(G, A) 
that have isomorphic actions of A. Assume, for simplicity, that G and A are 
countable groups. For everyf  ~ Z2(G, A) consider a Bernoulli action U of Ef 
with infinite entropy. Then the subgroup U(e,A) also has infinite entropy. 
Therefore if f l  and f2 non-cohomologous (i.e. E A and ETa are nonisomorphic) 
the corresponding Bernoulli actions U1 (e, A) and U2 (e, A) of A are isomorphic. 
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